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Why relax observability assumptions?
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Kernel Mean Embeddings (KME)

μPX
(x) = ∫ k(x, y)PX(y)dy
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Kernel Mean Embeddings

⟨μPX
, f⟩HX

= 𝔼PX
[ f(X)]

Characteristic kernel: PX ⟼ μPX
(y)

Injective
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Conditional Kernel Mean Embeddings (CME)
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Conditional Kernel Mean Embeddings (CME)
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Conditional Kernel Mean Embeddings (CME)

Convergence rates are well understood (Singh et al 2019, Mastouri, Zhu, et al 2021)
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Connection with Characteristic Functions

μ(x) = ∫ k(x − y)p(y)dy

Translation invariant:
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Connection with Characteristic Functions

μ(x) = ∫ k(x − y)p(y)dy

̂μ[α] = ̂k[α]ψ[α]

Bochner’s theorem:  is a probability measure.̂k

Translation invariant:
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Connection with Characteristic Functions

̂μ(s)
X|z(x) =

s

∑
j=1

̂γ(s)
j (z)k(xj, x)KRR estimate of CME: 

̂γ(s)
j (z) = (KZ + sλI)−1KZz
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Connection with Characteristic Functions

(xj, zj)s
j=1
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Connection with Characteristic Functions

Have .


Let .


Where .


Theorem 1. With translation-invariant, 
characteristic kernel: 

̂μn
X|z(y) =

n

∑
j=1

̂γn
j (z)k(xj, y)

ψ̂n
X|z(α) :=

n

∑
j=1

̂γn
j (z)eiαxj

̂γn
j (z) = (KZZ + n ̂λnI)−1KZz

̂μn
X|Z →n μX|Z iff ψ̂n

X|Z →n ψX|Z in IFT of kernel.

(xj, zj)s
j=1
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Connection with Characteristic Functions

Have .


Let .


Where .


Theorem 1. With real, translation-invariant 
kernel: 

̂μn
X|z(y) =

n

∑
j=1

̂γn
j (z)k(xj, y)

ψ̂n
X|z(α) :=

n

∑
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̂γn
j (z)eiαxj

̂γn
j (z) = (KZZ + n ̂λnI)−1KZz

̂μn
X|Z →n μX|Z iff ψ̂n

X|Z →n ψX|Z in IFT of kernel.

(xj, zj)s
j=1

21 Zhu et al 2022, UAI. 



Kotlarski’s Lemma
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Kotlarski’s Lemma

M N

ΔM ΔN

A
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Kotlarski’s Lemma

M = A + ΔM

N = A + ΔN

M N

ΔM ΔN

A
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Kotlarski’s Lemma

ψ𝒫A
(α):=

𝔼𝒫A [eiαA] = exp (∫
α

0
i
𝔼 [MeiνN]
𝔼 [eiνN]

dν)

M = A + ΔM

N = A + ΔN

M N

ΔM ΔN

A
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Application in causal inference with corrupted treatments

M N

Z

U

YA
E[Y|do(A)]

M N

ΔM ΔN

A

29



Recap: Identification with instrumental variables
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f(A) = 𝔼[Y |do(A)]
𝔼[Y |Z] = ∫𝒜

f(a)p(a |Z)daA
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Recap: Identification with instrumental variables
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Recap: Identification with instrumental variables
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False IV: using same ‘IV’ for several different actions.

???

But if , then simplies to
f(a) = θTϕ(a)
𝔼[Y |Z] = θT𝔼[ϕ(A) |Z]

To induce well-posedness:

- Assume  in RKHS.

- Tikhonov regularisation.
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Kotlarski’s Lemma

ψ𝒫A
(α):=

𝔼𝒫A [eiαA] = exp (∫
α
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i
𝔼 [MeiνN]
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M = A + ΔM

N = A + ΔN

M N

ΔM ΔN

A

36



Application in causal inference with corrupted treatments
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Application scenario



Application in causal inference with corrupted treatments

M N

Z

U

YA
E[Y|do(A)]

M N

ΔM ΔN

A

ψ𝒫A|z
(α):=

𝔼𝒫A|z [eiαA |z] = exp (∫
α

0
i
𝔼 [MeiνN |z]
𝔼 [eiνN |z]

dν)
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Application in causal inference with corrupted treatments

M N

Z

U

YA
E[Y|do(A)]

M N

ΔM ΔN

A

ψ𝒫A|z
(α):=

𝔼𝒫A|z [eiαA |z] = exp (∫
α

0
i
𝔼 [MeiνN |z]
𝔼 [eiνN |z]

dν)

How to compute the right hand side?
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Application in causal inference with corrupted treatments

M N

Z

U

YA
E[Y|do(A)]

M N

ΔM ΔN

A

To obtain  : 

 

1. Differentiate wrt   to remove integral. 

2. Replace with  sample estimates. 

 

ψ̂n
A|z

ψA|z(α)

𝔼𝒫A|z
[eiαX](α) = exp ∫

α

0
i

∂
∂υ ψM,N|z(υ,ν)

υ=0

𝔼[MeiνN |z]
𝔼[eiνN |z]

ψN|z(ν)

dν (1)

α

d
dα ψ̂n

A|z(α)

ψ̂n
A|z(α)

=

∂
∂υ ψ̂n

M,N|z(υ, α)
υ=0

ψ̂n
N|z(α)

(2)
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Measurement Error KIV (MEKIV)

                                                        f 

                   

                                         


⟹ ̂μn
N|z, ̂μn

M,N|z ̂μn
A|z ⟹

ψ̂n
N|z, ψ̂n

M,N|z ⟹ ψ̂n
A|z

⟺ ⟺

{žj}s
j=1, {y̌j}s

j=1

, {ϕ(zj)}n
j=1

{ϕ(nj), ϕ(mj) ⊗ ϕ(nj)}n
j=1

KRR KRR 

( ) ⋆

Step 1

Step 2

Step 3

Zhu et al, UAI 2022, Causal Inference with Treatment Measurement Error: A Nonparametric IV Approach.
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Advantages of MEKIV

• ⽆关于分布的假设 对Kotlarski假设的放宽: Evdokimov and 
White 2011. 


• 极少的超参数调参。


• 对CME建模，⽽⾮对整个分布函数建模。
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MEKIV results
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Demand Design (Mixture of Gaussians)

measurement error 
<latexit sha1_base64="yDaGWg5VfbriZbpa+qT7A6FNn54=">AAACBnicbVDLSsNAFJ34rPEVdSlCsBTaTUmkqMuCG5cV7AOaECbTSTt0HmFmIpTQlRt/xY0LRdz6De78G6dtFtp64MLhnHu59544pURpz/u21tY3Nre2Szv27t7+waFzdNxRIpMIt5GgQvZiqDAlHLc10RT3UokhiynuxuObmd99wFIRwe/1JMUhg0NOEoKgNlLknFWqARXDKPe9ac2uBpowrAJFhgxGvVrklL26N4e7SvyClEGBVuR8BQOBMoa5RhQq1fe9VIc5lJogiqd2kCmcQjSGQ9w3lEOzLcznb0zdilEGbiKkKa7dufp7IodMqQmLTSeDeqSWvZn4n9fPdHId5oSnmcYcLRYlGXW1cGeZuAMiMdJ0YghEkphbXTSCEiJtkrNNCP7yy6ukc1H3L+uNu0a52SjiKIFTcA6qwAdXoAluQQu0AQKP4Bm8gjfryXqx3q2PReuaVcycgD+wPn8ADQyXkQ==</latexit>

(⇥�X)

confounding
<latexit sha1_base64="gl68KMpaINkdjT9M4Fs9uzFgy2A=">AAACE3icbVDLSsNAFJ3UV42vqks3g6XQughJqY+NUHDjsoJ9QBPCZDpJh04yYWYilNB/cOOvuHGhiFs37vwbp4+Fth4YOPece7lzT5AyKpVtfxuFtfWNza3itrmzu7d/UDo86kieCUzamDMuegGShNGEtBVVjPRSQVAcMNINRjdTv/tAhKQ8uVfjlHgxihIaUoyUlvzSWaXqMh75uWNPaqYuFI2JdCWNYuT3aqYrhhxeQ9uqn/ulsm3ZM8BV4ixIGSzQ8ktf7oDjLCaJwgxJ2XfsVHk5EopiRiamm0mSIjxCEelrmiC92ctnN01gRSsDGHKhX6LgTP09kaNYynEc6M4YqaFc9qbif14/U+GVl9MkzRRJ8HxRmDGoOJwGBAdUEKzYWBOEBdV/hXiIBMJKx2jqEJzlk1dJp245F1bjrlFuNhZxFMEJOAVV4IBL0AS3oAXaAINH8AxewZvxZLwY78bHvLVgLGaOwR8Ynz8ulpsp</latexit>
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Summary of techniques and future work

• Kotlarski引理允许我们从它们的两个线性组合中识别三个看不
⻅的变量。这是否可以被继续探索?


• 特征函数和均值嵌⼊之间的对偶性是否可以带来更多两个⽅
向的融合？


• 需要放宽加性误差假设。


• 需要放宽instrumental variable假设。
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𝔼[(Y − h(A, X, W))g(A, X, Z)] = 0  a.s. PAXZ

R(h) = sup
g

(𝔼[(Y − h(A, W, X))g(A, Z, X)])2

PMMR surrogate loss Rk(h)

min
h

R(h) := 𝔼AXZ[(𝔼[Y − h(A, X, W ) |A, X, Z])2]

CMR

Proximal Maximum Moment Restriction

• If E[A|B] = 0,

• Then (for g measurable):

• E[Ag(B)] = E[E[Ag(B)|B]] 

• = E[E[A|B]g(B)] = 0

• Restrict g to ℋ𝒜𝒳𝒵

k indexes the kernel.

For all g

Mastouri*, Z.*, et al. Proximal Causal Learning with Kernels: Two-Stage Estimation and Moment Restrictions. ICML 2021.
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Proximal Maximum Moment Restriction

Precursor loss:











  

V-statistic:  (reweighed ERM!) 

R(h) = sup
g

(𝔼[(Y − h(A, W, X))g(A, Z, X)])2

Rk(h) = sup
g∈ℋ𝒜𝒵𝒳, ∥g∥≤1

(𝔼[(Y − h(A, W, X))⟨g, k((A, Z, X), ⋅ )⟩])2

= 𝔼[(Y − h(A, W, X))(Y′￼− h(A′￼, W′￼, X′￼))k((A, Z, X), (A′￼, Z′￼, X′￼))]

RV(h) :=
1
n2

n

∑
i,j=1

(yi − hi)(yj − hj)kij

• Restrict g to ℋ𝒜𝒳𝒵
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